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Abstract
In this article we discuss generalized harmonic confinement of mass-
less Dirac fermions in (2 + 1) dimensions using smooth finite magnetic
fields. It is shown that these types of magnetic fields lead to conditional
confinement, that is confinement is possible only when the angular mo-
mentum (and parameters which depend on it) assumes some specific
values. The solutions for non zero energy states as well as zero energy
states have been found exactly.
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2I. INTRODUCTION
In recent years the massless Dirac equation in (2+1) dimensions has drawn
a lot of interest. One of the main reason for this interest is that the dy-
namics of quasiparticles in materials like graphene is governed by (2 + 1)
dimensional massless Dirac equation except that the quasiparticles move with
Fermi velocity vF (= 10
6 m/s) instead of the velocity of light c1,2. A major
challenge in this field is about confining the quasiparticles. The quasiparti-
cles in graphene or similar material can be confined using different methods
e.g, by modulated Fermi velocity3–5, electrostatic fields6–10, magnetic fields
etc. In particular, magnetic confinement of quasiparticles is possible using,
for example, square well magnetic barrier11,12, radial magnetic field13, decay-
ing gaussian magnetic field14, hyperbolic magnetic fields15,16, inhomogeneous
radial magnetic fields17–20, one dimensional magnetic fields producing solvable
systems21,22, polar angle dependent magnetic fields23, circular step magnetic
field profile24 etc. Among the different types of magnetic fields mentioned
above, there are some smooth inhomogeneous magnetic fields18–20 for which
the pseudospinor components satisfy Schro¨dinger like equations with quasi ex-
actly solvable effective potentials25. For such magnetic fields the quasiparticles
are confined for some values of the angular momentum while for other values
the quasiparticles are not bound. In this context it may be noted that there
are many ways to produce inhomogeneous magnetic field profiles e.g, using fer-
romagnetic materials26, non planar substrate27, integrating superconducting
elements28 etc.
In this paper our objective is to search for smooth finite magnetic fields
which would produce generalized harmonic confinement of quasiparticles i.e,
inhomogeneous magnetic fields producing confinement with oscillator spec-
trum. More precisely, for such magnetic fields one of the pseudospinor com-
ponents satisfies a Schro¨dinger like equation with the effective potential of a
two dimensional oscillator while the other component satisfies a similar equa-
tion with the effective potential of a non polynomial oscillator or more general
3potentials expressed in terms of confluent hypergeometric functions. It will
be shown that such confinement is possible only when the parameters of the
model assume some particular value(s). In other words, the effective poten-
tials are conditionally exactly solvable29,30. The organization of the paper is as
follows: in section II we present the model; in section III we shall present sev-
eral magnetic fields which produce conditional confinement of quasiparticles
and finally section V is devoted to a conclusion.
II. FORMALISM
The dynamics of the quasiparticles in graphene is governed by the Hamil-
tonian
H = vF~σ · ~π= vF~σ ·
(
~p+ ~A
)
= vF

 0 Π−
Π+ 0

 , (1)
where vF is the Fermi velocity, σ = (σx, σy) are Pauli matrices, and
Π± = πx ± iπy = (px + Ax)± i(py + Ay). (2)
We would like to mention that all equations in the paper are in dimensionless
form. Explicitly, the units of length, energy and magnetic field strength we use
are respectively a = 2.46 A˚ (graphene’s lattice constant), E0 = ~c/a = 802 eV
and B0 = ~c/ea
2 = 1.09 × 104 T which is equivalent to setting ~ = c = e =
a = 1.
We choose vector potentials to be of the form
Ax = yf(r), Ay = −xf(r), (3)
where the form of the function f(r) will be specified later. The magnetic field
corresponding to the vector potentials (3) is given by
Bz = −2f(r)− rf ′(r). (4)
4The eigenvalue equation corresponding to the Hamiltonian (1) is

 0 Π−
Π+ 0

ψ = Eψ, (5)
where ψ = (ψ1, ψ2)
T is a two component pseudospinor. The above equation
can be written in terms of the components as
Π−ψ2 = ǫψ1,
Π+ψ1 = ǫψ2,
(6)
where ǫ = E/vF . Since the magnetic field is a radial one, the pseudospinor
components can be taken as
ψ1 = e
imθr−1/2φ1(r), ψ2 = e
i(m+1)θr−1/2φ2(r), (7)
where m = 0,±1,±2, · · · denotes the angular momentum quantum number.
Now using (7) the intertwining relations (6) can be written in terms of polar
coordinates as (
∂
∂r
− m+
1
2
r
+ rf
)
φ1 = iǫφ2,(
∂
∂r
+
m+ 1
2
r
− rf
)
φ2 = iǫφ1.
(8)
Now eliminating φ1 in favor of φ2 (and vice-versa), the equations for the
components can be written as[
− d
2
dr2
+
m2 − 1
4
r2
+ r2f 2 − 2(m+ 1)f − rf ′
]
φ1 = ǫ
2φ1, (9)
[
− d
2
dr2
+
(m+ 1)2 − 1
4
r2
+ r2f 2 − 2mf + rf ′
]
φ2 = ǫ
2φ2. (10)
In the next section we shall find magnetic fields for which at least one of the
above equations becomes conditionally exactly solvable.
III. GENERALIZED HARMONIC CONFINEMENT
Here we shall consider several magnetic field profiles for which all or some
bound state solutions can be found only when the parameters of the model
5assume some specific values. To this end we choose the function f(r) to be of
the form
f(r) =
λ
2
+ g(r), (11)
where λ is a constant and the function g(r) will be determined later. Then
the resulting magnetic field is given by
Bz(r) = −λ− 2g(r)− rg′(r). (12)
Note that when g(r) = 0, the magnetic field becomes a homogeneous one and
the effective potentials in Eqs.(9) and (10) are just those corresponding to a
two dimensional oscillator. Now using (11) the effective potentials in Eqs.(9)
and (10) can be found to be
V1(r)=
m2 − 1
4
r2
+
r2λ2
4
− (m+ 1)λ+ [r2g2 + λr2g − 2(m+ 1)g − rg′] ,(13)
V2(r)=
(m+ 1)2 − 1
4
r2
+
r2λ2
4
−mλ+ [r2g2 + λr2g − 2mg + rg′] . (14)
We shall now identify V2(r) with the effective potential of a two dimensional
harmonic oscillator (displaced in the energy scale) and this requires that the
function g(r) satisfies the following Riccati equation :
r2g2 + λr2g − 2mg + rg′ = µ, (15)
where µ is a constant. We now linearize Eq.(15) by putting g =
u′
ru
and obtain
ru′′ +
(
λr2 − 2m− 1)u′ − µru = 0. (16)
The solution of Eq.(16) is given by
u(r) = c1 1F1
(
− µ
2λ
;−m;−λr
2
2
)
+c2r
2(m+1)
1F1
(
1 +m− µ
2λ
;m+ 2;−λr
2
2
)
,
(17)
where c1,2 are arbitrary constants and 1F1(a, b; x) denotes the confluent hyper-
geometric function31. Having found u, it is now easy to obtain the function
g(r) =
u′
ru
and in turn the magnetic field. As mentioned before that for this
choice of u(r) the potential V2(r) represents a harmonic oscillator for which
6the energy and the eigenfunctions are well known. Then using the intertwining
relation Eq.(8) one may obtain the component φ1(r)and hence the complete
pseudospinor. Next, we shall consider several possibilities of constructing the
magnetic field.
A. c1 6= 0, c2 = 0:
In this case we find
g(r) =
µ 1F1
(
1− µ
2λ
;M + 2;−λr
2
2
)
2(M + 1) 1F1
(
− µ
2λ
;M + 1;−λr
2
2
) , (18)
and the magnetic field is given by
Bz(r) = −λ − µ
M + 1
1F1
(
1− µ
2λ
;M + 2;−λr2
2
)
1F1
(− µ
2λ
;M + 1;−λr2
2
)
+

 µr
2(M + 1)
1F1
(
1− µ
2λ
;M + 2;−λr2
2
)
1F1
(− µ
2λ
;M + 1;−λr2
2
)


2
− µ(µ− 2λ)r
2
4(M + 1)(M + 2)
1F1
(
2− µ
2λ
;M + 3;−λr2
2
)
1F1
(− µ
2λ
;M + 1;−λr2
2
) , (19)
where m = −(M + 1). We would like to point out that in order to produce
a non singular magnetic field and effective potential V1,eff the function g(r)
should not have any poles. Furthermore, a singular V1,eff will not be isospec-
tral with V2,eff(r). Therefore, it is necessary to choose various parameters in
such a way that 1F1
(
− µ
2λ
;M + 1;−λr2
2
)
does not have a zero.
In this context it may be noted that depending on the parameters the
confluent hypergeometric series can either be a finite series or an infinite one.
We shall now consider both these possibilities and construct the corresponding
magnetic fields by suitably choosing the parameters λ, µ and M .
71. M ≥ 0, λ > 0 µ = 2Nλ, N = 1, 2, . . .
In this case the confluent hypergeometric series 1F1(−N,M + 1,−λr2/2)
becomes a finite series and can be expressed in terms of the associated Laguerre
polynomials Lαn(x) . Consequently g(r) can be written as
g(r) =
λLM+1N−1 (−λr2/2)
LMN (−λr2/2)
. (20)
Note that if we denote the roots of LMN (x) by xi, then g(r) can be written as
g(r) =
N∑
i=0
2gi
1 + gir2
, (21)
where xi = λ/2gi, gi > 0. Then from Eq.(4) the corresponding magnetic field
Bz(r) can be found to be:
Bz(r) = −λ−
N∑
i=0
2gi
1 + gir2
. (22)
We note that magnetic fields of the type (19) was considered previously for
some particular values of N in Ref. 33 and to obtain results for any particular
value of N , one just has to put that value of N in our general results. From
(22) it is observed that the magnetic field is non singular with a maximum
value −λ and a minimum of −λ− 4∑Ni=0 gi. A plot of the magnetic fields for
different parameter values is shown in Fig 1.
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FIG. 1. Typical behavior of the magnetic field when µ/2λ = N is a positive integer.
8Before we proceed to obtain the spectrum, let us note that because of
the choice of the magnetic field the effective potential V1,eff in (14) is always
that of a two dimensional harmonic oscillator one (displaced in the energy
scale) but the effective potential V2,eff in (13) is in general a non polynomial
oscillator type although they are isospectral. In Fig 2 we have presented plots
of these potentials for some admissible parameter values.
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FIG. 2. Plot of the effective potentials V1,eff , V2,eff when µ/2λ = N is a positive
integer.
We shall now obtain the spectrum. To this end we note that Eq.(10) for
the lower component φ2 becomes:
[
− d
2
dr2
+
M2 − 1/4
r2
+
λ2r2
4
]
φ2 =
[
ǫ2 − (M + 1 + 2N)λ]φ2. (23)
Eq.(23) is the eigenvalue equation of a two-dimensional isotropic harmonic
oscillator whose solutions are well known. Using these results the eigenvalues
En,M and the corresponding wave functions φ2,n,M can be found to be:
En,M = vF ǫn,M = ±vF
√
2λ(n+M + 1 +N), n = 0, 1, 2, . . . ;M = 0, 1, 2, · · · ,
(24)
and
φ2,n,M(r) ∼ rM+1/2e−λr2/4LMn
(
λr2/2
)
. (25)
9The upper component φ1,n,M can now be obtained using the intertwining re-
lation (8) and is given by
φ1,n,M(r) = iλǫ
−1
n,M
rM+1e−λr
2/4
LMN (−λr2/2)
[
LMN (−λr2/2)LM+1n
(
λr2/2
)
+ LM+1N−1 (−λr2/2)LMn (λr2/2)
]
.
(26)
It is interesting to note that the above pseudospinor component can be written
in terms of the type I Xm exceptional Laguerre polynomials Lˆ
k
n,m(r
2). Using
the relation32
Lˆkn,m(r
2) = Lkm(−r2)Lk−1n−m(r2) + Lk−1m (−r2)Lkn−m−1(r2), n ≥ m (27)
the upper component can be written as
φ1,n,M(r) = iλǫ
−1
n,M
rM+1e−λr
2/4
LMN (−λr2/2)
LˆM+1N+n,n(−λr2/2). (28)
Thus the pseudopspinor ψn,M(r, θ) is given by:
ψn,M(r, θ) ∼ e−i(M+1)θ × r
Me−λr
2/4
LMN (−λr2/2)
×

 iǫ
−1
n,MλrLˆ
M+1
N+n,n(−λr2/2)
eiθLMN (−λr2/2)LMn (λr2/2)

 .(29)
A plot of the probability density for different quantum numbers is shown Fig
3.
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FIG. 3. Plot of the probability density for different quantum numbers.
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Let us now examine degeneracy of the eigenvalues. From Eq.(24), it is easy
to find that the energy values depend explicitly on the sum n+M . Thus the
ground state E0,0 is non-degenerate while the degeneracy of the excited state
(n,M) is n+M + 1.
2. M < 0, λ < 0, µ = 2Nλ, N = 1, 2, . . .
In the last section it was shown that confinement is possible for M =
0, 1, 2, · · · i.e, m = −1,−2, · · · . Here it will be shown that confinement is
possible even when the angular momentum m is positive. To do this we note
that the confluent hypergeometric series 1F1(a, b; x) has poles when b is a
negative integer. However, it is interesting to note that the series actually
terminates even when both a and b are negative integers and a > b. Rather
than going into the mathematical details of this interesting topic34,35, we just
show that with judicious choice of the parameters it is possible to construct
finite magnetic fields even when the angular momentum m is positive. Thus
we consider the parameter values λ = −1, µ = −2,M = −3(m = 2). In this
case the solution of Eq.(16) is given by
u(r) = 1 +
r2
4
. (30)
The magnetic field and the effective potentials are given respectively by
Bz(r) =
r2(r2 + 8)
(r2 + 4)2
, (31)
V1,eff (r) =
r2
4
+ 1 +
15
4r2
+
4
r2 + 4
− 20
(r2 + 4)2
, (32)
V2,eff (r) =
r2
4
+
35
4r2
. (33)
Plots of the magnetic field and the effective potentials are shown in Figs. 4
and 5.
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FIG. 4. Shape of the magnetic field when λ = −1, µ = −2,M = −3.
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FIG. 5. Effective potentials V1,eff and V2,eff when λ = −1, µ = −2,M = −3.
The bound state energy values are given by
En,−3 = ±vF
√
2n, n = 0, 1, 2, 3, . . . , (34)
It is seen that the lowest energy value is zero and the corresponding pseu-
dospinor is a singlet of the form
ψ0,−3(r, θ) ∼ e4iθr3e−r2/4

 0
eiθL31 (r
2/2)

 . (35)
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On the other hand the pseudospinors corresponding to the non zero energy
levels are given by
ψn,−3(r, θ) ∼ e4iθr2e−r2/4


±i(r
4 − 12r2 − 12)
2(r2 + 1)
√
n
L4n+1(r
2/2)
reiθL3n+1 (r
2/2)

 , n = 1, 2, · · · .(36)
A plot of probability density for some of the states is shown in Fig. 6.
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FIG. 6. The probability density when λ = −1, µ = −2,M = −3 for n = 1, 2, 3
states.
3. M > 0, λ > 0, µ/2λ 6= positive integer
This case is the most general one in the sense that confluent hypergeometric
series is no longer a finite one and consequently there is more freedom in the
choice of the parameters λ and µ. In this case the function f(r) and the
corresponding magnetic field Bz(r) have the same expressions as in (18) and
(19) respectively with the appropriate parameter values as mentioned above.
In this section we shall consider two possibilities, namely, (1)
µ
2λ
= negative
integer, λ,M > 0 and (2)
µ
2λ
= ± fraction, λ,M > 0. In Figs. 7 and 8 we
present profiles of the magnetic field and the effective potentials for suitable
values of the parameters. For both these cases mentioned above the generic
13
forms of the energy values and the corresponding pseudospinors are given by
En,M = ±vF
√
2λ(n+M + 1) + µ, n = 0, 1, 2, . . . , (37)
ψn,M(r, θ) ∼ rMe−λr2/4e−i(M+1)θ ×
×


iǫ−1n,Mλr
[
LM+1n (λr
2/2) +
µLMn (λr
2/2)
2λ(M + 1)
1F1 (1− µ/(2λ);M + 2;−λr2/2)
1F1 (−µ/(2λ);M + 1;−λr2/2)
]
LMn (λr
2/2) eiθ

 .(38)
Μ
2 Λ = -2.25, M = 3
Μ
2 Λ = -1.00, M = 3
Μ
2 Λ = +1.25, M = 3
0 2 4 6 8 10-2.0
-1.5
-1.0
-0.5
0.0
0.5
r
a
B z B 0
FIG. 7. Typical magnetic field profile when µ/2λ is a positive fraction (µ/2λ =
1.25), a negative fraction (µ/2λ = −2.25) and a negative integer (µ/2λ = −1).
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FIG. 8. Shape of the effective potentials V1,eff and V2,eff when µ/2λ is not a
positive integer.
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B. c1 = 0, c2 6= 0
In this case we find
g(r) =
2M
r2
+
ν1F1 (1− ν/2λ;M + 2;−λr2/2)
2(M + 1)1F1 (−ν/2λ;M + 1;−λr2/2) (39)
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and the magnetic field is given by
Bz(r) = −λ − ν
M + 1
1F1
(
1− ν
2λ
;M + 2;−λr2
2
)
1F1
(− ν
2λ
;M + 1;−λr2
2
)
+

 νr
2(M + 1)
1F1
(
1− ν
2λ
;M + 2;−λr2
2
)
1F1
(− ν
2λ
;M + 1;−λr2
2
)


2
− ν(ν − 2λ)r
2
4(M + 1)(M + 2)
1F1
(
2− ν
2λ
;M + 3;−λr2
2
)
1F1
(− ν
2λ
;M + 1;−λr2
2
) , (40)
where the notations m = M − 1 (M = 0, 1, 2, . . . ) and ν = µ− 2λM are used.
The magnetic field (40) in this case is exactly the same as the magnetic field
(19) on section IIIA if µ were replaced by ν. The reason for this is that the
first term 2M/r2 of g(r) in (39) corresponds to a Aharonov-Bohm type vector
potential and does not produce any magnetic field strength on the graphene
plane.
The conditional harmonic solution for energy En,M and the lower compo-
nent φ2,n,M are given by
En,M = vF ǫn,M = ±vF
√
2λ(n+M + 1) + ν, n = 0, 1, 2, . . . , (41)
φ2,n,M(r) ∼ rM+1/2e−λr2/4LMn (λr2/2). (42)
From the intertwining relation (8) the solution φ1,n,M can be found as:
φ1,n,M(r) ∼ iǫ−1n,MλrM+3/2
[
LM+1n
(
λr2/2
)
+
νLMn (λr
2/2)
2λ(M + 1)
1F1 (1− ν/(2λ);M + 2;−λr2/2)
1F1 (−ν/(2λ);M + 1;−λr2/2)
]
.
(43)
Hence, the pseudospinor corresponding to the energy (42) is
ψn,M(r, θ) ∼ rMe−λr2/4ei(M−1)θ ×
×


iǫ−1n,Mλr
[
LM+1n (λr
2/2) +
νLMn (λr
2/2)
2λ(M + 1)
1F1 (1− ν/(2λ);M + 2;−λr2/2)
1F1 (−ν/(2λ);M + 1;−λr2/2)
]
LMn (λr
2/2) eiθ

 ,(44)
which is only different from case A because of the presence of the factor
ei(M−1)θ factor instead of e−i(M+1)θ. This means the energy and the probability
density corresponding the case B are exactly the same as in case A.
16
IV. ZERO ENERGY SOLUTIONS
A. c1 6= 0, c2 = 0
In the previous sections we have discussed conditional confinement for non
zero energy. On the other hand, zero energy solutions are important too and
have been discussed by many authors7–10. In this section we shall obtain zero
energy solutions of our problem. Such solutions can be obtained from the
intertwining relations (8). For ǫ = 0 we obtain from the first relation of (8)
and (17)
φ1,M(r) ∼ r−M−1/2e−λr2/4 1
1F1
(− µ
2λ
,M + 1;−λr2
2
) , M = −1,−2,−3 · · · ,
(45)
where µ, λ and M are parameters of the magnetic field. The pseudospinor is
thus given by
E0,M = 0, ψ0,M(r, θ) ∼ e−i(M+1)θ


r−M−1e−λr
2/4
1F1
(− µ
2λ
,M + 1;−λr2
2
)
0

 , λ > 0, M = −1,−2,−3 · · · .
(46)
Similarly another set of zero energy solutions can be obtained from the second
equation of (8) and is given by
E0,M = 0, ψ0,M(r, θ) ∼ ei(M+1)θ

 0
rM+1eλr
2/4
1F1
(
− µ
2λ
,M + 1;−λr2
2
)

 , λ < 0, M = 0, 1, 2 · · · ,
(47)
when µ/2λ ≥ −(M + 1). Note that in both the cases the energy levels are
infinitely degenerate with respect to the quantum number M .
B. c1 = 0, c2 6= 0
For ǫ = 0 we obtain from the first relation of (8) and (17)
φ1(r) ∼ r−M−1/2e−λr2/4 1
1F1
(− ν
2λ
,M + 1;−λr2
2
) , M = −1,−2,−3 · · · , (48)
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where ν, λ and M are parameters of the magnetic field. The pseudospinor is
thus given by
E0,M = 0, ψ(r, θ) ∼ ei(M−1)θ


r−M−1e−λr
2/4
1F1
(− ν
2λ
,M + 1;−λr2
2
)
0

 , λ > 0, M = −1,−2,−3 · · · .
(49)
Similarly another set of zero energy solutions can be obtained from the
second equation of (8) and is given by
E0,M = 0, ψ0,M(r, θ) ∼ e−i(M−1)θ

 0
rM+1eλr
2/4
1F1
(
− ν
2λ
,M + 1;−λr2
2
)

 , λ < 0, M = 0, 1, 2 · · · .
(50)
We would like to mention that the exact zero energy solutions are a result
of chirality. The chirality operator is given by37 σz and it is easy to see that
the solutions (45), (48) have chirality +1 while the solutions (47), (50) have
chirality −1.
V. CONCLUSION
In this paper we have considered generalized harmonic confinement of
quasiparticles in graphene. The magnetic fields used for confining the quasi-
particles are finite everywhere. More specifically, we have considered magnetic
fields which are of a non polynomial type and is expressed in terms of conflu-
ent hypergeometric series or Laguerre polynomials. The conditions required
to produce the bound states have also been analyzed in detail. In this con-
text we would like to point out that for generation of magnetic fields without
any singularity parameters have to chosen in such a way that the confluent
hypergeometric series/associated Laguerre polynomials remain free of zeros.
Following Refs. 34–36 one may find necessary conditions for absence of zeros
of the above functions. Here it has been shown in the examples considered
that by judicious choices of the parameters it is indeed possible to create finite
magnetic fields (and hence confinement). We would also like to point out that
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for the types of magnetic field considered here confinement can be achieved
for either for m ≥ 0 or for m < 0 (equivalently M ≤ −1 and M > −1) but for
a particular magnetic field all values of angular momentum are not allowed.
It is also of interest to note that in some cases the pseudospinors could also
be expressed in terms of the recently discovered exceptional orthogonal poly-
nomials. This also establishes a relation between the magnetic field profiles
and exceptional orthogonal polynomials. It may be mentioned that although
we have not discussed any specific experiment, nevertheless we feel that fi-
nite magnetic fields considered in this paper may be produced following the
suggestions in19,20.
In this paper we have considered the massless (2 + 1) dimensional Dirac
equation. It may be mentioned that for gapped graphene or other similar Dirac
materials the electrons or quasiparticles are not massless and a mass term of
the form ∆σz has to be added in Eq.(1). In such a case the procedure to obtain
the spectrum and the corresponding solutions would remain largely the same.
Finally it may be noted that here we have searched for magnetic fields for
which the effective potentials are generalization of two dimensional harmonic
oscillators. We believe it would be of interest to search for other types of
magnetic fields which may produce effective potentials of non harmonic types.
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